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Abstract: The study focused on the model of estimating the risk of exposure of workers to global occupational
vibrations / with local action on the hand-arm system. In order to estimate the risk of exposure to occupational
vibrations, we developed a generalized mathematical model for estimating the risk of exposure to mechanical
vibrations transmitted to the whole body / with action on the hand-arm system. This model is based on the
statistical function of probability with exponential decrease (Gumbel function), and its argument is expressed
either by the values of the weighted acceleration parameter or in the form of exposure points.

1. Introduction

European Directive 2002/44/EC was adopted at national level by GD 1876/2005 on minimum
occupational safety and health requirements regarding the exposure of workers to the risks arising from
vibration. The regulation sets ”the limit values for exposure to mechanical vibration (global and hand-arm)”
and “exposure values that trigger the action”, specifying at the same time, the obligations of employers
regarding the determination and assessment of risks, the elaboration of measures to be adopted to reduce or
avoid exposure, as well as the details regarding the provision of information and training of workers. Thus, for
global mechanical vibrations / (hand-arm), the occupational daily exposure limit value, calculated over a
reference period of 8 hours, must be 1.15 m/s%(5 m/s?) and the value of the daily exposure from which the
employer's action is triggered, calculated at a reference period of 8 hours, must be 0.5 m/s%/(2.5 m/s?) [1,2].

2. Mathematical models associated with the risk of exposure to occupational vibrations

In order to estimate the risk of exposure to occupational vibrations, we developed a generalized
mathematical model for estimating the risk of exposure to mechanical vibrations transmitted to the whole body
/ with action on the hand-arm system. This model is based on the statistical function of probability with
exponential decrease (Gumbel function), and its argument is expressed either by the values of the weighted
acceleration parameter or in the form of exposure points. [3,4,5,6].

To quantify the exposure to different values of mechanical acceleration (global and hand-arm) in the work
process, the following analytical relationships were used:

Pg; = [4;(8)]2100
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A;(8) = %, for vibrations transmitted to the whole body

Ai(8 G :
A;(8) = % for vibrations transmitted to the hand-arm

ka i ej . . .
A;(8) = Y TT—OI for vibrations transmitted to the whole body (1)
1

(kawi)2 =i
ej

for vibrations transmitted to the whole body

1 o .
(kap,)? = B; P for vibrations transmitted to the hand-arm
eJj

where: A(8) - daily exposure to mechanical vibration, (m/s*); Pr — exposure points that quantify the values of
mechanical vibrations transmitted to the whole body or hand-arm system; k — multiplication factor (is equal
to 1.4 for the x and y axes and 1.0 for the z axis); a.. — weighted acceleration in the case of vibrations
transmitted to the whole body, (m/s’); ami — the magnitude of the acceleration in the case of vibrations
transmitted to the hand-arm system, (m/s’); T.; — daily duration of exposure to vibrations transmitted to the
whole body or hand-arm system, (hours); Ty — reference duration, (8 hours)

After applying mathematical relations kawi=f(T;) (in the case of global vibrations) and an,~f(T;) (in case
of hand-arm vibrations), value grids are obtained kayi/an,i corresponding to mechanical vibrations (global and
hand-arm) for different levels of the acceleration parameter A;'(8), respectively: Weighted acceleration values
kayi (anvi) or parameter A; (8) which do not exceed the level of 0.5m/s? (2.5m/s?), from which the employer's
action is triggered, in case of exposure to global vibrations (hand-arm vibrations); Weighted acceleration
values kayi (anvi) or of parameter A;"(8) within the range (0.5;1.15) m/s? ((2.5;5) m/s?), at which the action of
the employer is triggered, in case of exposure to global vibrations (hand-arm vibrations); Weighted
acceleration values kayi (ani) or of parameter A;"(8) exceeding the maximum permitted limit of 1.15 m/s? (5
m/s?), in case of exposure to global vibrations (hand-arm vibrations).

Following the application of mathematical relations Pgi=f(kaw;,T¢j) (in case of global vibrations) and
Pei=f(ami, T¢j) (in case of hand-arm vibrations), grids of the exposure points are obtained Pg corresponding to
mechanical vibrations (global and hand-arm) in the work process for different levels of the acceleration
parameter A;"(8), respectively: Exposure point values not exceeding 100 points, which quantifies the values of
the weighted acceleration kayi (anyi) or of parameter A;"(8) from which the action of the employer is triggered,
in case of exposure to global vibrations (hand-arm vibrations); Exposure point values in the range (100;529)
points, ((100;400) points) which quantifies the range of values of the weighted acceleration kai (ani) or of
parameter A;’(8) at which the action of the employer is triggered, in case of exposure to global vibrations
(hand-arm vibrations); Exposure point values exceeding 529 points (400 points), which quantify the weighted
acceleration values kayi (ani) or of parameter A;"(8) exceeding the maximum permissible limit in the event of
exposure to global vibration (hand-arm vibration).

In the following is presented how to use the differential equation that quantifies the risk of exposure to
different levels of global mechanical vibration / hand-arm, which may occur during professional activity:

9u) = 66 )

gl) = G(x)' = <e‘e_ E 0) = %e_%e—e_lTo ”
which admits as a solution, the following distribution function G(x;):

G(x;) = e—e_% .,

where: x; - function variable that can be explicit in the form of values ka../an: or of exposure points P g(x;) -
the probability density function of the variable values x;; G(x;) - the function of distribution (of probability) of
values xi; u - the average value of the variable values x;; o - standard deviation of variable values x;; i — order
index of the variable x;

Based on the distribution function G (xi), the expression of the average objective risk of exposure to
different values of mechanical acceleration (global and hand-arm) is determined.

2.1 Elaboration of the mathematical model specific to the risk of exposure to vibrations transmitted to the
whole body

To quantify the exposure to different values of mechanical acceleration transmitted to the whole body in
the work process, we have the following analytical relations [6,7,8]:
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kay; 2 Tej
P, = ((‘)1—5) 22100 (6)

1

(kay,)?* = o (7)
where: A(8) — daily exposure to vibrations transmitted to the whole body, (m/s’); Pr — exposure points that
quantify the values of mechanical vibrations transmitted to the whole body, k — multiplication factor (is equal
to 1.4 for the x and y axes and 1.0 for the z axis); a., — weighted acceleration, (m/s*); T.; — daily duration of
exposure to vibrations transmitted to the whole body, (hours); Ty — reference duration, (8 hours).

Following the application of mathematical relations ka.:=f(T¢) the grid of values is obtained kay;
corresponding to the mechanical vibrations transmitted to the whole body generated in the work process for
different levels of the parameter A(8).

Following the application of mathematical relations Pg=f(kawi,T¢j), the grid of exposure points Pk is
obtained corresponding to the mechanical vibrations transmitted to the whole body generated in the work
process for different levels of parameter A(8)

In the following is presented the differential equation that quantifies the risk of exposure to different levels
of mechanical vibration transmitted to the whole body, which are generated in the work process:

g(x;) = G(x)", (8)
respectively

VZIi(xj-p-ovZIni)\

gx) =G(x) =e™® =

which admits as a solution, the following distribution function G(kay;)
\/m(xj—u—a\/Tni)

G(xj)=e o (10)
where: x; - the function variable that can be explained in the form of values ka.. or of exposure points Pgi; g(x;)
- the probability density function of the variable values xi; G(x;) - the function of distribution (of probability)
of values x;; u - the average value of the variable values x;; o - standard deviation of variable values x;; i order
index of the variable x;

V2Ini e__“:”(xj—u—m/z In i)e— zini(xj—/,t—m/z Ini)

g

©)

Thus, the explanation of the functions according to the parameter ka,; or of the points Pg; are reproduced
below, respectively:

g(kay) = G(kay)' (11)
respectively

_ V2l 2 kay i —p-oVZ TR ) , 2 (kayi— k-0 VZTn) (12)

g

gkay) = G(kay)' =

which admits as a solution, the following distribution function G(ka.)
V2Ini(Pgi—p—ov2ini)
g

VZTni(kay,-p-ov2mi)\ '
e® i

G(Pg) = e™* (13)
or

9(Pg;) = G(Pgy)’ (14)
respectively

‘/m(PEi_”_U‘/m) ! . VzZini § VZini )

g(PEi) = G(PEi)' — (e—e a > — _\/ZJlnle—zT(PEi—u—m/z n l)e_ ZJ (Pgi—u-ov21ini) (15)

which admits as a solution, the following distribution function G(Pg;)
V2Ini(Pg;—p—ov2ini)
G(Pg) =e™* ’ (16)

Based on the distribution function G(xi) the expression of the average objective risk of exposure to
different values of the mechanical acceleration transmitted to the whole body is determined, respectively:

Ri(x;) = inG(xl-)dxi for a continuous range of values x;

Ri(x;) = z x;G(x;), for adiscrete range of values x;
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This risk can be explained as follows:

Depending on the parameter ka,:

V2Ini(Pg;—pu—ovV21Ini)
Ri(kayy) = f KtyiG (kary)dkaty; = f kayie™® g

dkawi B

for a continuous range of values ka,,;

- V2Ini(Pg;—p—ov2Ini)
Ri(kawl') = Z kawiG(kawi) = Z kawie_e 7 )

for adiscrete range of values ka,,;

Depending of the points Pki:
V2Ini(Pg;—p—ov21Ini)

R{(Pe) = f PriG(Pg)dPy; = f Prie~® g

dPg;,

for a continuous range of values Pg;
V2Ini(Pg;—p—ov21Ini)
g

R;(Pg;) :ZPEiG(PEi) :ZPEie_e ,

for a discrete range of values Pg;

Considering the results obtained based on the application of the previous relations, we obtain the
following grids to assess the risk of exposure to different values of mechanical acceleration transmitted to the
whole body, in the work process, depending on its levels or the value of exposure points, thus (table 1):

Table 1
Estimation the exposure risk for the
different values of mechanical

Assess the risk of exposure to

Values of mechanical acceleration different values of mechanical

transmitted to the whole body, Kawi

EEAIFEUIN IR G B D (O acceleration transmitted to the

s ;(V:V?:El()l(:i):)’ whole body, in the work process
Kawi < 0.5 Kawi * G(kawi < 0.5)
0.5 <kawi< 1.15 Kawi * G(0.5 < kani < 1.15)
1.15<k3w1 kawi*G(l.IS <kawi)

The resulting value of the exposure

Assess the risk of exposure to

LB TR L U T S different values of mechanical

depending the resulting value of the

acceleration transmitted to the

whole body, in the work process

points exposure points
P < 100.00 Pei* G(Pri < 100.00)
100.00 < Pgi< 529.00 Pri* G(100.00 < Pi< 529.00)
529.00 < Pg; Pei* G(529.00 < Pgj)

2.2 Elaboration of the mathematical model specific to the risk of exposure to vibrations with action on the

hand-arm system

To quantify the exposure to different values of the mechanical acceleration transmitted to the hand-arm
system in the work process, we have the following analytical relations [6,7,8]:

Py = [%]2 100,

2
= (Fni)" Tej
Pgi = (2.5) To 100,
1
(ahvi)z = B

9’
Tej

(17)
(18)
(19)

where: A(8) — daily exposure to vibrations transmitted to the hand-arm system, (m/s’); Pr — exposure points
that quantify the values of mechanical vibrations transmitted to the hand-arm system, ap — vibration
magnitude, (m/s*); T.; — daily duration of exposure to vibrations transmitted to the hand-arm system, (hours);
Ty — reference duration, (8 hours).
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Following the application of the mathematical relations ani=f(Tej) (provided in the last column of the table
above), the grid of ahvi values corresponding to the mechanical vibrations transmitted to the hand-arm system
generated in the work process for different levels of parameter A(8) is obtained.

Following the application of mathematical relations Pgi=f(ani, T¢j), the grid of exposure points is obtained
Pe corresponding to the mechanical vibrations transmitted to the hand-arm system generated in the work
process for different levels of parameter A(8).

Next, we present the differential equation that quantifies the risk of exposure to different levels of
mechanical vibration transmitted to the hand-arm system that are generated in the work process:

g9(x;) = G(x;)", (20)
respectively

gx) = G6(x) = (e_“’

which admits as a solution, the following distribution function G(kay.)
V2ini(x;—p—ov2lini)
g

- V2ini - V2ini -
_ Y2mni e—%(xi—u—m/z n L)e— Zan Yxi—u—ovZini) 21)

g

_V2ini(x;—p-ov2in i))’
7

Gx) =e™® (22)
where: x; - the function variable that can be explained in the form of values ka., or of exposed points Pgi; g(x;)
- the probability density function of the variable values x;; G(x;) - the function of distribution (of probability)
of values x;; u - the average value of the variable values x;; o - standard deviation of variable values x;; i —
order index of the variable x;

Thus, explaining the functions according to the parameter an,; or the points Pg; are reproduced in the
following, respectively:

9(@anyi) = G(any)’, (23)
respectively

_ \/Zlnie— Zlni(ah,,i—u—a'\/zlni)e— Zlni(ahvi—,u—o'\/Zlni) (24)

g g
a

Valni(apyi-p-ovzini)\'
9(@nyi) = G(apy)' = (e_e 7 )

which admits as a solution, the following distribution function G(anyi)
V2ini(Pgi—pu—-ovV2ini)
(e

G(Pei) = e~ : (25
or

9(Pgi) = G(Pgy)", (26)
respectively

N AT  V2ini .
_ \/zlnle—%(PEi—u—m/z In l)e— 2 p o~ u—oVZ i) (27)

g

VZIni(Pg;—p-ov2Ini i))'
a

g(Pg) = G(Pg)' = (e_e

which admits as a solution, the following distribution function G(Pgi)
V2ini(Pgi—u-oV21ni)
g

g

G(Ps) = e~ (28)

Based on the distribution function G(xi) the expression of the average objective risk of exposure to
different values of the mechanical acceleration transmitted to the hand-arm system is determined, respectively:

R;(x;) = fxiG(xl-)dxi , for a continuous range of values x;

R;(x;) = Z x;G(x;), for adiscrete range of values x;

This risk can be explained in this way:

Depending on the parameter ay:

Ri(apy) = fahviG(ahvi)dahvi :jahvie_e

V2Ini(kapy,;—u—ov2Ini)
7
dapy;,

for a continuous range of values ay,;
V2Ini(apy,;—u-ov21Ini)
a

Ri(apyi) = z ApyiG(Apyi) = z appie© ,

for a discrete range of values ay.,;
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Depending on the points Pgi:
V2Ini(Pg;—p—ov21Ini)

R(Prp) = f PyiG(Py)dPy; = f Pre® g APy,

for a continuous range of values Pg;
V2Ini(Pg;—p—ov21Ini)
g

RiPe) = ) PrG(Pe) = ) Prie™ .

for adiscrete range of values Pg;

Taking into account the results obtained on the basis of the application of the previous relations, the
following grids for assessing the risk of exposure to different values of mechanical acceleration transmitted to
the hand-arm system in the work process are obtained depending on its levels or value of exposure points, as
follows (Table 2):

Table 2.

. . Estimation the exposure risk for the Assess the risk of exposure to

Values of mechanical acceleration . . . .
. different values of mechanical different values of mechanical

transmitted to the hand-arm, anvi . . . .
m/s? acceleration transmitted to hand- acceleration transmitted to the
arm, anvi*G(anvi) hand-arm, in the work process
api< 2.5 anvi * G(ani<2.5)
2.5 <ani<5s anyvi ¥ G(2.5 < ani<5)
5 < apyi anvi * G(5 < apvi)

Assess the risk of exposure to
different values of mechanical

Estimation the exposure risk

The resulting value of the exposure
ulting vatu xposu depending the resulting value of the

points e A acceleration transmitted to the
hand-arm, in the work process
P <100.00 Pei* G(Pri < 100.00)
100.00 < Pr; < 400.00 Pg* G(100.00 < Pg; < 400.00)
400.00 < Pg; Pgi* G(400.00 < Pgj)

After applying mathematical relations k..i=f(T¢) the grid of values is obtained, ka.wi from table 3,
corresponding to the mechanical vibrations transmitted to the whole body generated in the work process for
different values of the parameter A(8).

Following the application of mathematical relations Pei=f(Kawi, Tj), the grid of exposure points from table
4 is obtained, Pg, corresponding to the mechanical vibrations transmitted to the whole body generated in the
work process for different values of parameter A(8).

Following the application of mathematical relations an=f(T¢) the grid of values is obtained ahvi
corresponding to the mechanical vibrations transmitted to the hand-arm system generated in the work process
from table 5 for different values of parameter A(8).

Following the application of mathematical relations Pri=f(an, T¢;), the grid of exposure points is obtained
Pe corresponding to the mechanical vibrations transmitted to the hand-arm system generated in the work
process from table 6 for different values of parameter A(8).

3. Conclusions

The minimum requirements for the protection of workers against the risks to their health and safety,
generated or which may be generated by exposure to mechanical vibration, are laid down in national legislation
by GD 1876/2005 which takes over the European Directive 2002/44 / EC, and establish responsibilities of
employers to ensure the elimination or minimization of the risks generated by professional vibrations.

In order to estimate and assess the risk of exposure to occupational vibrations, a generalized mathematical
model for diagnosis and prognosis of exposure risk was designed, both for mechanical vibrations transmitted
to the whole body and for mechanical vibrations with action on the hand system -arm. This model is based on
the exponentially decreasing Gumbel distribution function, whose variables can be made explicit either by the
values of the weighted acceleration parameter or in the form of exposure points.
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By applying the analytical relations within the mathematical model, the databases specific to the value
grids were obtained, which constitute the results of the statistical functions that quantify the risk of exposure
to professional vibrations. Thus, the assessment of the risk of exposure to occupational vibrations can be
achieved both by using the value grid that quantifies the objective average risk, based on weighted acceleration
values and their associated probabilities, and by using the value grid obtained according to exposure point
values and corresponding probabilities.
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